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Absolute separable states is a kind of separable state that remain separable under the action of any global
unitary transformation. These states may or may not have quantum correlation and these correlations can be
measured by quantum discord. We find that the absolute separable states are useful in quantum computation even
if it contains infinitesimal quantum correlation in it. Thus to search for the class of two-qubit absolute separable
states with zero discord, we have derived an upper bound for Tr(%2), where % denoting all zero discord states. In
general, the upper bound depends on the state under consideration but if the state belong to some particular class
of zero discord states then we found that the upper bound is state independent. Later, it is shown that among
these particular classes of zero discord states, there exist sub-classes which are absolutely separable. Then we
construct a ball for 2⊗ d quantum system described by Tr(ρ2) ≤ Tr(X2) + 2λmin(X)λmin(Z) + Tr(Z2),
where the 2 ⊗ d quantum system is described by the density operator ρ which can be expressed by d ⊗ d
block matrices X,Y and Z with X,Z ≥ 0 and λmin(X), λmin(Z) denoting the minimum eigenvalues of the
block matrices X and Z respectively. In particular, we show that the newly constructed ball contain class of
absolute separable states described by two-qubit density operator ρ that are lying outside the ball described by
Tr(ρ2) ≤ 1
3
. Also we have discussed an example of a class of absolute separable states in 2⊗ 3 system where
we find that most of the absolute separable states are residing inside the new ball and few of them are lying
outside the ball.
PACS numbers: 03.67.Hk, 03.67.-a
I. INTRODUCTION
Quantum correlation can be considered as a necessary in-
gredient for the development of quantum information theory
and quantum computation. A remarkable application of quan-
tum correlation can be found in different areas of quantum
communication such as quantum teleportation [1], quantum
dense coding [2], quantum remote state preparation [3] , quan-
tum cryptography [4] etc. Till few years ago, it has been
thought that this non-local feature in terms of quantum cor-
relation only exist in the entangled state and responsible for
the computational speed-up in the known quantum algorithms
[5]. Later, Lloyd [6] showed that there are quantum search
methods which does not require entanglement to provide a
computational speed-up over classical methods. In this mod-
ern line of research, Ahn et al. [7] have shown that instead of
entanglement, quantum phase is an essential ingredient for the
computational speed-up in the Grovers quantum search algo-
rithm [8]. Meyer [9] was able to reduce the number of queries
in a quantum search compared to classical search of a database
using only interference, not entanglement. Gottesman-Knill
theorem also declare the fact that entanglement is not only
a factor to for a quantum computers to outperform classical
computers [10]. In 2004, E. Biham et.al. [11] then conclude
that entangled state is not a compulsory ingredient for quan-
tum computing and discovered that there exist quantum state
lying arbitrarily close to the maximally mixed states, which
are enough to increase the computational speed-up in quan-
tum algorithms. To characterize the nature of mixed density
matrices lying in the sufficiently small neighbourhood of max-
imally mixed state, it has been shown that all such states are
∗Electronic address: satyabrata@dtu.ac.in
separable states [12–14].
Separable states can be defined as the mixture of locally indis-
tinguishable states. Mathematically, a bipartite separable state
described by the density operator ρ in a composite Hilbert
space H1 ⊗H2 can be expressed as
ρ =
∑
k
pkρ
k
1 ⊗ ρk2 , 0 ≤ pk ≤ 1 (1)
where ρ1 and ρ2 represents two density operators in two
Hilbert spaces H1 and H2 respectively. These states can be
prepared using local quantum operation and classical commu-
nication (LOCC). Thus prescription of its preparation is dif-
ferent from entangled states, which cannot be prepared with
the help of LOCC. Since separable states are prepared by
performing quantum operation within the structure of LOCC
on quantum bit so they can exhibit quantum correlation [15].
Therefore, it can be inferred that not only entaglement but also
this non-classical feature exhibited by some separable states.
The entanglement measures [16, 17] cannot quantify the quan-
tum correlation present in the separable state due to the rea-
son that any entanglement measure gives value zero for all
separable states. Thus, Ollivier and Zurek [18] proposed a
measure for quantum correlation which can be defined as
the difference between the quantum mutual information and
the measurement-induced quantum mutual information. This
measure is commonly known as quantum discord. If a sep-
arable state has no quantum correlation then they are termed
as zero discord state. The quantum discord of two-qubit max-
imally mixed marginals and two qubit X-state has been cal-
culated in [19, 20]. It has been found that quantum corre-
lation plays a vital role in mixed-state quantum computation
speed-up and it is due to the correlation present in the separa-
ble states [21, 22].
We should note an important fact that there exist separable
states (with or without quantum correlation) that can be con-
verted to entangled state under the action of global unitary
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2operation. The class of separable states that remain separa-
ble state after performing global unitary operation are known
as absolutely separable states [23]. The necessary and suffi-
cient condition for the absolute separability of a state in 2⊗ 2
system described by the density operator σ is given by [24]
λ1 ≤ λ3 + 2
√
λ2λ4 (2)
where λi, i = 1, 2, 3, 4 denoting the eigenvalues of σ arranged
in descending order as λ1 ≥ λ2 ≥ λ3 ≥ λ4. Further, Johnston
[25] generalize the absolute separability condition for H2 ⊗
Hd system and showed that a state σ ∈ H2 ⊗Hd is absolute
separable if and only if
λ1 ≤ λ2d−1 + 2
√
λ2d−2λ2d (3)
Since the absolute separability conditions (2) and (3) depends
on the eigenvalues of the state under investigation so some-
times it is also known as separability from spectrum. Re-
cently, the absolutely separable states are detected and char-
acterized in [26, 27].
This work is motivated by two earlier results and they are de-
scribed as follows: Firstly, we can observe that the state used
in solving the Deutsch-Jozsa (DJ) problem [28] is a pseudo-
pure state (PPS) [29] which can be expressed as
ρ
(2)
PPS = |ψ〉〈ψ|+
1− 
4
I4, 0 ≤  ≤ 1 (4)
where |ψ〉 is any two-qubit pure state. If |ψ〉 represent any
two-qubit pure maximally entangled state then it reduces to
the two-qubit Werner state. The sufficient condition that the
state ρ(2)PPS is separable whenever [13]
 <
1
9
(5)
The quantum algorithm of Deustch and Jozsa solves DJ prob-
lem with a single query while classical algorithm uses 3
queries if initially two-qubit PPS with parameter  (0 ≤  ≤
1) is used in the algorithm. As the number of qubit increases
in the initial PPS, the number of queries increases exponen-
tially for classical algorithm while the quantum algorithm of
Deustch and Jozsa still require single query and this provide
the quantum advantage over classical algorithm. It has been
shown that if  ≤ 133 then the initial separable PPS with which
the computation has started remain separable throughout the
entire computation [11]. This may imply that the initial PPS
is absolutely separable for 0 ≤  ≤ 133 . To verify this state-
ment, let us consider the PPS described by the density opera-
tor ρPPS given by
ρPPS = |ψ−〉〈ψ−|+ 1− 
4
I4, 0 ≤  ≤ 1
33
(6)
where |ψ−〉 = 1√
2
(|01〉 − |10〉).
The eigenvalues of ρPPS can be arranged in descending order
as µ1 ≥ µ2 ≥ µ3 ≥ µ4, where
µ1 =
1 + 3
4
, µ2 =
1− 
4
, µ3 =
1− 
4
, µ4 =
1− 
4
(7)
We find that the state ρPPS is absolutely separable if and only
if
0 ≤  ≤ 1
33
(8)
Again, the quantum discord of the state ρPPS is given by [19]
D(ρPPS) =
1− 
4
log2(1− )− 1 + 
2
log2(1 + )
+
1 + 3
4
log2(1 + 3) (9)
In particular, if we choose the value of the parameter  very
close to zero, say  = 0.001 then D(ρPPS) ' 1.441255 ×
10−6. Therefore, the discord D(ρPPS) is very negligible and
can be approximated to zero. Although the quantum correla-
tion of the absolute separable state ρPPS measured by quan-
tum discord is very near to zero but still it is useful in quantum
computation. This fact motivate us to search for the class of
absolute separable state with zero discord.
Secondly, the largest ball constructed for d ⊗ d quantum sys-
tem is given by Tr(ρ2) ≤ 1d2−1 , where the density operator
ρ representing either separable or absolutely separable states
[12, 30]. In particular, it was shown that the largest ball for
2⊗ 2 quantum system centered at maximally mixed state nei-
ther contain all separable states nor absolutely separable states
[23]. To illustrate this, let us consider a state described by the
density operator σ1 given by
σ1 = (
1
5
|0〉〈0|)− 4
5
|1〉〈1|)⊗ 1
2
I2 (10)
The eigenvalues of σ1 are given by 110 ,
1
10 ,
2
5 ,
2
5 . It can be
easily verified that the eigenvalues of σ1 satisfy the condition
(2). Thus the state σ1 is absolutely separable state. Next, our
task is to verify whether the state σ1 satisfies the inequality
Tr(σ21) ≤ 13 . We find that Tr(σ21) = 1750 which is greater than
1
3 . This implies that the state σ1 lies outside the ball described
by Tr(ρ2) ≤ 13 . To deal with this problem, we construct a ball
for 2 ⊗ d quantum system and in particular, we have shown
that the constructed ball contain almost all absolute separable
states in 2⊗ 2 dimensional Hilbert space.
This work is organised as follows: In section-II, we derive
the upper bound of Tr(%2), where the two-qubit zero discord
states are described by the density operator %. It is shown
that the upper bound is state independent for certain classes
of two-qubit zero discord state. These specific classes of two-
qubit zero discord states satisfy the condition for the separa-
bility from spectrum. In particular, we unearth the class of
two-qubit product states which are absolutely separable. Also
we find that there exist states from the class of absolute sep-
arable zero discord states are not lying within and on a ball
described by Tr(ρ2) ≤ 13 . In section-III, we have constructed
a ball of separable as well as absolute separable state in 2⊗ d
dimensional system. In section-IV, we give few examples to
support that the newly constructed ball is larger in size. It is
evident from the fact that in 2⊗ 2 dimensional system, it con-
tain two-qubit absolute separable states which are lying not
only inside but also outside the ball described by Tr(ρ2) ≤ 13 .
3Further, we provided the example of absolute separable states
in 2⊗ 3 quantum system. In section-V, we end with conclud-
ing remarks.
II. IDENTIFICATION OF A CLASS OF ABSOLUTELY
SEPARABLE STATES THAT DOES NOT CONTAIN
QUANTUM CORRELATION
In this section, we first derive the upper bound of Tr(ρ2ZD),
where ρZD represent the zero discord state and thereby con-
structing a ball in which the zero discord state is lying. Then
we show that there exist a class of zero discord state residing
in the region within the ball, which is separable from spec-
trum.
A. Construction of a ball that contain zero discord state
We construct a ball of zero discord state and to accomplish
this task we derive an inequality in terms of Tr(ρ2ZD), where
the density matrix ρZD denoting the zero discord state lying
in 2 ⊗ 2 dimensional Hilbert space. In general, the derived
upper bound of the inequality is state dependent but we found
some particular class of zero discord state for which the upper
bound is independent of the state.
To start with, let us consider a 2⊗ 2 dimensional zero discord
state ρZD that can be expressed as [31]
ρZD = p|ψ〉〈ψ| ⊗ ρ1 + (1− p)|ψ⊥〉〈ψ⊥| ⊗ ρ2, 0 ≤ p ≤ 1(11)
where the pure states |ψ〉 and |ψ⊥〉 are orthogonal to each
other i.e. 〈ψ|ψ⊥〉 = 0. The single qubit density operator
ρi(i = 1, 2) are given by
ρi =
1
2
I2 + ~ri.~σ, i = 1, 2 (12)
I2 represent a 2×2 identity matrix, ~ri = (ri1, ri2, ri3) denote
the Bloch vector and the component of ~σ = (σ1, σ2, σ3) are
usual Pauli matrices.
Theorem-1: A two-qubit zero discord state ρZD satisfies the
inequality
Tr(ρ2ZD) ≤ min{
1
2
+ 2|~r1|2, 1
2
+ 2|~r2|2} (13)
Proof: Let us start with the expression of Tr(ρ2ZD), which is
given by
Tr(ρ2ZD) = p
2Tr(ρ21) + (1− p)2Tr(ρ22) (14)
It can be seen that the value of Tr(ρ2ZD) is changing by vary-
ing the values of the parameter p in the range 0 ≤ p ≤ 1,
and the block vectors ~ri, i = 1, 2 satisfying |~ri|2 ≤ 1. Thus
one can ask for the upper bound of Tr(ρ2ZD). To probe this
question, we assume that the zero discord state ρZD satisfies
the inequality given by
Tr(ρ2ZD) ≤ α(~ri), i = 1, 2 (15)
regardless of the parameter p, where α(~ri) denote the param-
eter depend on the state parameter ~ri, i = 1, 2.
Our task is to find α(~ri). To search for α(~ri), we need to
combine (14) and (15). Thus, we obtain
p2Tr(ρ21) + (1− p)2Tr(ρ22) ≤ α(~ri)
⇒ p2(Tr(ρ21) + Tr(ρ22))− 2pTr(ρ22) +
(Tr(ρ22)− α(~ri)) ≤ 0 (16)
Solving the inequality (16) for the parameter p, we get
a ≤ p ≤ b (17)
where a and b are given by
a =
Tr(ρ22)−
√
α(~ri)(Tr(ρ21) + Tr(ρ
2
2))− Tr(ρ21)Tr(ρ22)
Tr(ρ21) + Tr(ρ
2
2)
(18)
and
b =
Tr(ρ22) +
√
α(~ri)(Tr(ρ21) + Tr(ρ
2
2))− Tr(ρ21)Tr(ρ22)
Tr(ρ21) + Tr(ρ
2
2)
(19)
We impose the condition on a and b in such a way so that
0 ≤ p ≤ 1 is satisfied. The required conditions are given
below
a ≥ 0 (20)
b ≤ 1 (21)
The first condition (20) gives
Tr(ρ22)−
√
α(~ri)(Tr(ρ21) + Tr(ρ
2
2))− Tr(ρ21)Tr(ρ22)
Tr(ρ21) + Tr(ρ
2
2)
≥ 0
⇒ α(~ri) ≤ Tr(ρ22) (22)
The second condition (21) gives
Tr(ρ22) +
√
α(~ri)(Tr(ρ21) + Tr(ρ
2
2))− Tr(ρ21)Tr(ρ22)
Tr(ρ21) + Tr(ρ
2
2)
≤ 1
⇒ α(~ri) ≤ Tr(ρ21) (23)
Therefore, (22) and (23) can be expressed jointly as
α(~ri) ≤ min{Tr(ρ21), T r(ρ22)} (24)
Now we calculate Tr(ρ2i ) by recalling (12), and it is given by
Tr(ρ2i ) =
1
2
+ 2|~ri|2, i = 1, 2 (25)
Using (24) and (25), we get
α(~ri) ≤ min{1
2
+ 2|~r1|2, 1
2
+ 2|~r2|2} (26)
Combining the inequalities (15) and (26), we arrive at the re-
quired result given by
Tr(ρ2ZD) ≤ min{
1
2
+ 2|~r1|2, 1
2
+ 2|~r2|2} (27)
4Geometrically, the inequality given by (27) represent a region
within and on a ball containing zero discord state. From (27),
it can be easily seen that the upper bound of Tr(ρ2ZD) depends
on the local bloch vector ~ri and hence the upper bound is state
dependent. The state independent bound of Tr(ρ2ZD) can be
obtained for particular classes of zero discord state and it is
given in the corollary below.
Corollary-1: The density operators ρ(1)ZD and ρ
(2)
ZD satisfy the
inequality
Tr([ρ
(i)
ZD]
2) ≤ 1
2
, i = 1, 2 (28)
where ρ(1)ZD and ρ
(2)
ZD denote the particular class of zero dis-
cord state given by
ρ
(1)
ZD = p|ψ〉〈ψ| ⊗
1
2
I2 + (1− p)|ψ⊥〉〈ψ⊥| ⊗ ρ2,
ρ
(2)
ZD = p|ψ〉〈ψ| ⊗ ρ1 + (1− p)|ψ⊥〉〈ψ⊥| ⊗
1
2
I2, (29)
0 ≤ p ≤ 1.
Proof: To prove it, consider the following two cases: (i)
|~r1|2 ≤ |~r2|2, (ii) |~r2|2 ≤ |~r1|2.
Case-I: If |~r1|2 ≤ |~r2|2 then theorem-1 gives
Tr(ρ2ZD) ≤
1
2
+ 2|~r1|2 (30)
In particular, the inequality (30) holds even if we take the min-
imum value of the expression 12+2|~r1|2 over all ~r1. Therefore,
we have
Tr(ρ2ZD) ≤ min~r1 [
1
2
+ 2|~r1|2] (31)
We obtain min~r1 [
1
2 + 2|~r1|2] = 12 and the minimum value is
attained when ~r1 = ~0. Thus, the minimum value is obtained
when the state ρZD reduces to ρ
(1)
ZD. Hence the inequality (31)
reduces to
Tr([ρ
(1)
ZD]
2) ≤ 1
2
(32)
Case-II: If |~r2|2 ≤ |~r1|2 then we can proceed in a similar way
as in case-I and obtain Tr([ρ(2)ZD]
2) ≤ 12 .
Therefore, we have obtained the particular classes of zero dis-
cord states described by the density operators ρ(i)ZD(i = 1, 2)
given in (29) satisfy the inequality Tr([ρ(i)ZD]
2) ≤ 12 (i = 1, 2).
Thus, the upper bound does not depend on the state ρ(i)ZD(i =
1, 2).
B. Class of zero discord state which is separable from
spectrum
Let us consider a class of zero discord state either described
by the density operator ρ(1)ZD or ρ
(2)
ZD given in (29). Recalling
ρ
(1)
ZD = p|ψ〉〈ψ| ⊗ 12I2 + (1 − p)|ψ⊥〉〈ψ⊥| ⊗ ρ2 with the
single qubit density operator ρ2 given by (12) and a pair of
orthogonal pure states |ψ〉 and |ψ⊥〉, where |ψ〉 = α|0〉+β|1〉
and |ψ⊥〉 = β|0〉 − α|1〉. We assume that the parameters α
and β are real number satisfying α2 + β2 = 1. Therefore, the
density matrix for ρ(1)ZD is given by
ρ
(1)
ZD =
a11 a12 a13 a14a∗12 a22 a23 a24a∗13 a∗23 a33 a34
a∗14 a
∗
24 a
∗
34 a44
 , 4∑
i=1
aii = 1 (33)
where
a11 = p
α2
2
+ (1− p)β2(1
2
+ r23),
a12 = (1− p)β2(r21 − ir22),
a13 = p
αβ
2
− (1− p)αβ(1
2
+ r23),
a14 = −(1− p)αβ(r21 − ir22),
a22 = p
α2
2
+ (1− p)β2(1
2
− r23),
a23 = −(1− p)αβ(r21 + ir22),
a24 = p
αβ
2
− (1− p)αβ(1
2
− r23),
a33 = p
β2
2
+ (1− p)α2(1
2
+ r23),
a34 = (1− p)α2(r21 − ir22),
a44 = p
β2
2
+ (1− p)α2(1
2
− r23) (34)
The eigenvalues of ρ(1)ZD are given by
λ1 =
1− p
2
(1 + 2|~r2|), λ2 = 1− p
2
(1− 2|~r2|)
λ3 = λ4 =
p
2
(35)
The state ρ(1)ZD satisfy the positive semi-definiteness property
if
|~r2| ≤ 1
2
(36)
Now our task reduces to the following; (i) verify whether
the class of states ρ(1)ZD satisfy the condition of separability
from spectrum and (ii) if the class of states verified as abso-
lute separable states then find out whether they lying within
the ball described by Tr([ρ(1)ZD]
2) ≤ 13 . In this context, a
table is constructed by taking different ranges of the param-
eter p and some values of |~r2| for which we find that the
zero discord state described by the density operator ρ(1)ZD sat-
isfy the inequality (2). This means that there exist classes
of two-qubit zero discord states that are absolutely separable
also. We call these classes of two-qubit states as Absolutely
Separable Zero Discord Class (ASZDC). Further, we have
constructed another table which reveals the fact that whether
the class of states given by ASZDC satisfies the inequality
Tr([ρASZDC ]
2) ≤ 13 . Without any loss of generality, we have
verified the above two tasks by considering the values of the
5TABLE I: Table verifying whether the state ρ(1)ZD satisfy (2)
Parameter Parameter λ1 − λ3 Nature of state
(|~r2|) (p) −2
√
λ2λ4
0 [0, 0.15) positive Separable
0 [0.15, 0.5] Negative Absolute separable
0.1 [0, 0.213) positive Separable
0.1 [0.213, 0.5] Negative Absolute separable
0.2 [0, 0.291) positive Separable
0.2 [0.291, 0.5] Negative Absolute separable
0.3 [0, 0.38) positive Separable
0.3 [0.38, 0.5] Negative Absolute separable
0.4 [0, 0.483) positive Separable
0.4 [0.483, 0.5] Negative Absolute separable
0.5 [0, 0.5] positive Separable
TABLE II: Table shows that whether the absolute separable state
given in Table-I is residing inside or outside the ball described by
Tr([ρASZDC ]
2) ≤ 1
3
Parameter Parameter Tr([ρASZDC ]
2) State
(|~r2|) (p) ≤ 13 residing
0 [0.15, 0.211) Violated Outside
0 [0.211, 0.5] Satisfied Inside
0.1 [0.213, 0.2325) Violated Outside
0.1 [0.2325, 0.5] Satisfied Inside
0.2 [0.291, 0.29205) Violated Outside
0.2 [0.29205, 0.5] Satisfied Inside
0.3 [0.38, 0.38056) Violated Outside
0.3 [0.38056, 0.5] Satisfied Inside
0.4 [0.483, 0.49) Violated Outside
0.4 [0.49, 0.5] Satisfied Inside
parameter p in [0, 12 ] and taking few values of |~r2|. Similar
analysis can be done for other range the parameter p ∈ [ 12 , 1]
and other values of |~r2| ≤ 12 .
Since the maximal ball described by Tr([ρASZDC ]2) ≤ 13
does not contain all states from the class ASZDC and such
states lying outside the ball so we investigate in the next sec-
tion that whether it is possible to increase the size of the max-
imal ball.
III. CONSTRUCTING THE BIGGER BALL OF
SEPARABLE AS WELL AS ABSOLUTELY SEPARABLE
STATES AROUND MAXIMALLY MIXED STATE
In this section, we will show that it is possible to construct a
ball which is larger than the earlier constructed ball described
by Tr(ρ2) ≤ 13 where the state ρ represent either separable
or absolutely separable states around maximally mixed state.
This means that there is a possibility for the new ball, con-
structed in this work, to contain those separable as well as
absolute separable states which are lying outside the ball de-
scribed by Tr(ρ2) ≤ 13 .
A. A Few Definitions and Results
Firstly, we recapitulate a few definitions and earlier obtained
results which are required to construct a new ball.
Definition-1: p-norm of a matrix A is defined as
(‖A‖p)p = Tr(A†A)
p
2 (37)
In particular for p = 2 and A = ρ, where ρ denoting a quan-
tum state, we have
(‖ρ‖2)2 = Tr(ρ2) (38)
Definition-2: [32] A quantum state ρ ∈ H2⊗Hd is absolutely
separable if UρU† remain a separable state for all global uni-
tary operator U ∈ U(2d).
If we denote ρ′ = UρU† then it can be easily shown that
Tr[(ρ′)2] = Tr[(ρ)2], i.e. Tr[(ρ)2] is invariant under unitary
transformation.
Result-1 [33]: Let M be a 2d× 2d positive semi-definite ma-
trix expressed in the block form as
M =
(
A C
C† B
)
(39)
where A,B,C are d× d matrices.
If we define the 2× 2 matrix as
m =
(
‖A‖p ‖C‖p
‖C‖p ‖B‖p
)
(40)
then the following inequalities hold:
(a) for 1 ≤ p ≤ 2,
‖M‖p ≥ ‖m‖p (41)
(b) for 2 ≤ p <∞,
‖M‖p ≤ ‖m‖p (42)
Thus for p = 2, we have
‖M‖2 = ‖m‖2 (43)
Result-2 [25]: Let us choose d×dmatricesA,B,C such that
A and B are positive semi-definite matrices. Then the block
matrix
X =
(
A C
C† B
)
(44)
is separable if ‖C‖22 ≤ λmin(A)λmin(B), where λmin(A)
and λmin(B) denoting the minimum eigenvalue of the
matrices A and B respectively.
6B. Construction of a new ball that contain separable as well as
absolutely separable states
Let us consider a quantum state described by the density
matrix ρ ∈ H2⊗Hd. The density matrix can be written in the
block form as
ρ =
(
X Y
Y † Z
)
(45)
where X,Y, Z denoting d× d matrices with X,Z ≥ 0.
Using Result-1, we have
‖ρ‖2 = ‖
(
X Y
Y † Z
)
‖2 = ‖
(
‖X‖2 ‖Y ‖2
‖Y ‖2 ‖Z‖2
)
‖2 (46)
Let us now calculate the value of Tr(ρ2). It is given by
Tr(ρ2) = ‖ρ‖22 = ‖X‖22 + 2‖Y ‖22 + ‖Z‖22
= Tr(X2) + 2‖Y ‖22 + Tr(Z2)
≤ Tr(X2) + 2λmin(X)λmin(Z)
+ Tr(Z2) (47)
where λmin(X) and λmin(Z) denoting the minimum eigen-
values of the block matrices X and Z respectively. The last
inequality follows from Result-2. Therefore, the state ρ is sep-
arable if
Tr(ρ2) ≤ Tr(X2) + 2λmin(X)λmin(Z) + Tr(Z2) (48)
The state described by the density operator ρ is absolutely sep-
arable if for any global unitary transformation U ∈ U(2d), the
inequality
Tr[(UρU†)2] = Tr(ρ2) ≤ Tr(X2) + 2λmin(X)λmin(Z)
+ Tr(Z2) (49)
holds.
It can be observed that the upper bound of the inequality (49)
depends on the parameter of the state under consideration.
Thus the upper bound is state dependent and it can be max-
imized over the given range of the parameter of the state. We
grasp this idea to show that there is a possibility to increase
the size of the ball that contains more separable as well as
absolutely separable state compared to Tr(ρ2) ≤ 13 .
IV. ILLUSTRATIONS
In this section, we will show with examples that the new ball
constructed in this work described by (49) contains more two-
qubit absolutely separable states than the ball descibed by
Tr(ρ2) ≤ 13 . Also, we discuss about the absolute separable
states in 2⊗ 3 quantum system.
1. Two-qubit class of sates from ASZDC
Let us consider a subclass of the two-qubit quantum state
belong to ASZDC described by the density operator ρ(1) as
ρ(1) = (p|0〉〈0| − (1− p)|1〉〈1|)⊗ 1
2
I2,
0 ≤ p ≤ 1 (50)
where I2 represent the identity matrix of order 2. The state
ρ(1) is a product state and thus separable for 0 ≤ p ≤ 1.
The matrix representation of ρ(1) is given by
ρ(1) =
(
X Y
Y † Z
)
(51)
where Y is a null matrix and the matrices X and Z are given
by
X =
(
p
2 0
0 p2
)
,
Z =
(
1−p
2 0
0 1−p2
)
(52)
The eigenvalues of ρ(1) are given by p2 ,
p
2 ,
1−p
2 ,
1−p
2 .
Case-I: When the parameter p is lying in the interval [0, 12 ]
then the eigenvalues are arranged in descending order as λ1 ≥
λ2 ≥ λ3 ≥ λ4, where
λ1 =
1− p
2
, λ2 =
1− p
2
, λ3 =
p
2
, λ4 =
p
2
(53)
The state ρ(1) is separable from spectrum if
p+
√
p(1− p) ≥ 1
2
(54)
The inequality (54) holds if 320 ≤ p ≤ 1/2. Therefore, the
state ρ(1) is absolutely separable for p ∈ [ 320 , 12 ].
Now, Tr[(ρ(1))2] can be calculated as
Tr[(ρ(1))2] =
p2
2
+
(1− p)2
2
(55)
From Fig.1, it can be seen that there exist absolutely separable
states for p ∈ [ 320 , 21100 ] that are lying outside the ball described
by Tr[(ρ(1))2] ≤ 13 . Thus, it is interesting to see whether
the newly constructed ball contain all the absolutely separable
states for p ∈ [ 320 , 21100 ]. To probe this, we calculate the upper
bound of Tr[(ρ(1))2] using the inequality (49). The upper
bound is given by
Tr(X2) + 2λmin(X)λmin(Z) + Tr(Z
2)
=
1
2
[1− p(1− p)] (56)
Again, Fig.1 shows that the newly constructed ball described
by Tr[(ρ(1))2] ≤ 12 [1− p(1− p)] contains all absolutely sep-
arable belong to the class described by the density operator
ρ(1). Case-II: In a similar fashion, the case where p ∈ [ 12 , 1]
can be analyzed.
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FIG. 1: Plot of Tr[(ρ(1))2] versus the state parameter p
2. 2× 2 isotropic state
Let us consider a 2⊗ 2 isotropic state given by
ρ
(iso)
2⊗2 (f) =

1+2f
6 0 0
4f−1
6
0 1−f3 0 0
0 0 1−f3 0
4f−1
6 0 0
1+2f
6
 , 0 ≤ f ≤ 1 (57)
It is known that the state described by the density operator
ρ
(iso)
2⊗2 is separable for 0 ≤ f ≤ 12 . Further, it can be easily
verified that all separable states in the class represented by
ρ
(iso)
2×2 are also absolute separable states.
The matrix of 2⊗2 isotropic state can be re-expressed in terms
of block matrices of order 2× 2 as
ρ
(iso)
2⊗2 (f) =
(
X Y
Y † Z
)
(58)
where 2× 2 block matrices X,Y and Z are given by
X =
(
1+2f
6 0
0 1−f3
)
, Y =
(
0 4f−16
0 0
)
, Z =
(
1−f
3 0
0 1+2f6
)
(59)
The minimum eigenvalue of the block matrices X and Z are
given by
λmin(X) = λmin(Z) =
1 + 2f
6
, 0 ≤ f ≤ 1
4
=
1− f
3
,
1
4
≤ f ≤ 1
2
(60)
We now discuss two cases based on different ranges of the
parameter f .
Case-I: When 0 ≤ f ≤ 14
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤ 2f
2 + 1
3
(61)
Since f ∈ [0, 14 ] so (61) can be re-expressed as
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤Max0≤f≤ 14
2f2 + 1
3
(62)
Since 2f
2+1
3 is an increasing function of the parameter f so
its maximum value is attained at f = 14 . Therefore,
Max0≤f≤ 14
2f2 + 1
3
=
3
8
(63)
Thus, the state ρ(iso)2⊗2 (f) satisfies the inequality given by
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤ 3
8
(64)
Case-II: When 14 ≤ f ≤ 12
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤ 4f
2 − 4f + 3
6
(65)
Since f ∈ [ 14 , 12 ] so (65) can be reexpressed as
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤Max 1
4≤f≤ 12
4f2 − 4f + 3
6
(66)
Since 4f
2−4f+3
6 is a decreasing function of the parameter f
so its maximum value is attained at f = 14 . Therefore,
Max 1
4≤f≤ 12
4f2 − 4f + 3
6
=
3
8
(67)
Thus, in this case also the state ρ(iso)2⊗2 (f) obey the inequality
given by
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤ 3
8
(68)
Combining the above two cases, it can be concluded that the
state ρ(iso)2⊗2 (f) satisfy the inequality
Tr[(ρ
(iso)
2⊗2 (f))
2] ≤ 3
8
, 0 ≤ f ≤ 1
2
(69)
Since 38 >
1
3 so the new ball described by (69) is bigger in size
compared to the ball described by Tr[(ρ(iso)2⊗2 (f))
2] ≤ 13 and
hence the new ball contains more absolutely separable state.
83. Class of states in 2⊗ 3 quantum system
Let us consider a class of states in 2 ⊗ 3 quantum system
parameterized with two parameters α and γ, which is given
by [34]
ρ2⊗3α,γ = α(|02〉〈02|+ |12〉〈12|) +
4γ + 2α− 1
3
|ψ−〉〈ψ−|+
1− γ − 2α
3
(|00〉〈00|+ |01〉〈01|+ |10〉〈10|+ |11〉〈11|),
0 ≤ α ≤ 1
2
, 0 ≤ γ ≤ 1 (70)
where |ψ−〉 = 1√
2
(|01〉 − |10〉). The state is separable if and
only if α+ γ ≤ 12 .
To simplify the calculation, let us choose γ = 13 . For this
particular case, the state ρ2⊗3
α, 13
is separable if and only if 0 ≤
α ≤ 16 . Therefore, with this chosen value of γ, we can re-
express the state ρ2⊗3
α, 13
in terms of block matrices as
ρ2⊗3
α, 13
=
(
X1 Y1
Y †1 Z1
)
(71)
where 3× 3 block matrices X1, Y1 and Z1 are given by
X1 =
 2−6α9 0 00 5−6α18 0
0 0 α
 , Y1 =
0 − 1+6α18 00 0 0
0 0 0
 ,
Z1 =
 5−6α18 0 00 2−6α9 0
0 0 α
 , 0 ≤ α ≤ 1
6
(72)
The eigenvalues of the state ρ2⊗3
α, 13
arranged in descending or-
der (ε1 ≥ ε2 ≥ ε3 ≥ ε4 ≥ ε5 ≥ ε6) for different ranges of α
as
(i) When 0 ≤ α ≤ 0.134
ε1 =
1
3
, ε2 = ε3 = ε4 =
2− 6α
9
, ε5 = ε6 = α (73)
(ii) When 0.134 ≤ α ≤ 16
ε1 =
1
3
, ε2 = ε3 = α, ε4 = ε5 = ε6 =
2− 6α
9
(74)
It can be easily verified using (3) that the state ρ2⊗3
α, 13
represent
absolute separable state for 0.019 ≤ α ≤ 16 .
Further, we find that the class of absolute separable states de-
scribed by the density operator ρ2⊗3
α, 13
lying within the ball de-
scribed by (49) for 0.084 ≤ α ≤ 16 . Thus, the new ball contain
most of the absolute separable states but does not contain all
absolute separable states.
V. CONCLUSION
To summarize, we have characterize the absolute separable
states in terms of quantum correlation which can be measured
by quantum discord. We found an instance of absolute separa-
ble states with such negligible amount of quantum correlation
that can be approximated to zero but still it is useful in quan-
tum algorithm to solve Deutsch-Jozsa problem. Since these
absolute separable states have approximately zero quantum
correlation so we expect that it can be prepared in the exper-
iment easily and not only that these states give quantum ad-
vantage over classical with respect to the running time of the
algorithms. This prompted us to investigate about the struc-
ture of the class of absolute separable states with zero discord.
We found the class of absolute separable zero discord state
which are residing within the ball described by Tr(ρ2) ≤ 13 .
Further, we find that there exist classes of absolute separable
zero discord state that falls outside the ball. To fill this gap,
we have constructed a new ball that holds most of the absolute
separable states lying in 2 ⊗ d dimensional Hilbert space. In
particular, we have shown that the absolute separable states
that lying outside the ball described by Tr(ρ2) ≤ 13 , now re-
siding inside the newly constructed ball. Thus, we conclude
that the new ball is bigger in size and this fact is illustrated by
giving few examples.
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